With the purpose of investigating a linear elastic solid containing a dilute distribution of cylindrical and prismatic holes parallel to the torsion axis, the full-field solution for an infinite elastic plane containing a single void and subject to torsion is derived. The obtained solution is exploited to derive the analytic expressions for the stress concentration factor related to the presence of an elliptical hole, the stress intensity factor for hypocycloidal holes and star-shaped cracks and the notch stress intensity factor for star-shaped polygons. Special sets of the void location are obtained for which peculiar mechanical behaviours are displayed, such as stress annihilation at some points along the boundary of elliptical voids and stress singularity removal at the cusps or points of hypocycloidal or isotoxal star-shaped polygonal voids. By means of finite-element simulations, it is finally shown that the presented closed-form expressions for the stress intensification provide reliable predictions, even for finite-domain realizations; in particular, the infinite-plane solution remains highly accurate when the the smooth and non-smooth external boundaries are larger than twice and five times the void dimension, respectively. Under these geometrical conditions, the derived analytical expressions represent a valid 'guide tool' in mechanical design.
Introduction
The strong intensification of the stress fields around inhomogeneities, flaws, defects, cracks and voids inside a solid represents a fundamental aspect in mechanical design, being strictly connected to the material strength and its failure. For this reason, stress intensification has been the subject of an intensive research activity, encompassing analytical [1] [2] [3] [4] [5] , numerical [6] [7] [8] [9] [10] [11] [12] and experimental [13] [14] [15] [16] [17] [18] [19] approaches.
Beside the strong research effort in planar and three-dimensional problems of elasticity, relatively little attention has been devoted to the stress intensification in inhomogeneous solids subject to torsional loading. Within this framework, the research has mainly been focused on (i) cylindrical shafts containing notches of different geometries [20] [21] [22] [23] , (ii) cylinders with elliptical cross-sections, each containing a single crack [24, 25] , (iii) circular shafts with quasi-regular polygonal voids [26] , (iv) cross-sections weakened by edge cracks [24, 25, 27, 28] , (v) the neutrality of coated cavities of various shapes in cylinders with elliptical cross-sections [29] , (vi) multiply connected domains [24, [30] [31] [32] [33] [34] [35] [36] and (vii) star-shaped cracks in square and circular cross-sections [37, 38] . However, except for some special geometries, the results are usually obtained through the implementation of numerical techniques; very few analytical expressions are currently available as a 'guide tool' for engineers.
This investigation aims to provide a new class of analytical expressions for torsion problems. In particular, with reference to a linear elastic solid containing a dilute distribution of cylindrical and prismatic holes parallel to the torsion axis, the full-field solution for an infinite elastic plane containing a single void and subject to torsion is obtained in a closed-form expression by means of a complex potential technique and conformal mapping [39] . The solution is obtained for three specific void geometries: the ellipse, n-cusped hypocycloid and n-pointed isotoxal star-shaped polygon, the latter including the special cases of the n-pointed regular polygon, n-pointed regular star polygon and n-pointed star-shaped crack. The achieved solution is exploited to derive analytical expressions for the stress concentration factor (SCF), stress intensity factor (SIF) and notch stress intensity factor (NSIF), which are useful in the evaluation of the stress intensification along the boundary of an elliptical void, at the cusps of an hypocycloidal void, at the tips of a star-shaped crack and at the points of a star-shaped polygonal hole. Similarly to recent results obtained within a 'pure' out-of-plane setting [40] [41] [42] [43] , special sets of the void location with respect to the torsion axis have been identified for which peculiar mechanical behaviours are displayed, such as stress annihilation at some points along the boundary of elliptical voids and stress singularity removal at the cusps or points of hypocycloidal or isotoxal star-shaped polygonal voids.
Finally, with the purpose of facilitating the application of the presented results to practical realizations, finite-element simulations (in Comsol Multiphysics Ó ) have been performed to assess the influence of the shape and size of an enclosing elastic finite, not infinite, domain and the related variation in the stress intensification measures from analytical predictions obtained under the assumption of an infinite elastic domain. Finite-element simulations (and results available in the literature for some special cases) show that the analytic expressions for the stress intensification derived for an infinite domain provide reliable predictions even for finite domains; in particular, a great accuracy is achieved when the smooth and non-smooth external boundaries are larger than twice and five times the void dimension, respectively.
Problem formulation and governing equations
A dilute distribution of voids, shaped as prisms or cylinders, is considered within a linear elastic isotropic solid subject to torsion. The voids are considered parallel to each other and to the torsion axis, corresponding to the axis x 3 , so that the cross-section (realized by the plane x 1 -x 2 , orthogonal to x 3 ) is uniform ( Figure 1, left) , namely, independent of the coordinate x 3 . The voids are considered diluted, so that the possible interactions between the voids and with the external boundary of the bar are disregarded and the elastic problem can be modelled as the twist of a bar with an infinite cross-section (the plane x 1 -x 2 ) containing a single void (Figure 1 , centre). Cross-section of a solid subject to a twist angle (per unit length) Y and containing a dilute distribution of cylindrical or prismoidal cavities parallel to the torsion axis x 3 , orthogonal to the plane realized by the axes x 1 and x 2 . Centre: Owing to the considered geometrical assumptions, the mechanical problem can be investigated as the twist of an infinite elastic plane containing a single void. The location of the void, enclosed by the smallest circle with radius a, can be described through the parameter Y defining the radial distance Ya of the void centroid from the origin of the x 1 -x 2 reference system and the angles b and a. Right: The transformed complex variable z identifying the point position within the unit disc in the conformal plane is mapped onto the complex variable z within the physical plane through the conformal mapping function v(z) = z.
For the twist loading condition, the displacement components v j (along the direction x j , j = 1, 2, 3) are given by the following expressions [39] :
where Y is the angle of twist per unit length while u(x 1 , x 2 ) is the warping function, to be evaluated, which depends on the cross-section geometry. With reference to the displacement field (equation (1)) and considering an isotropic linear elastic behaviour, the only non-null strain and stress components are g j3 and t j3 with j = 1, 2. These quantities are defined by the following kinematic and constitutive relations:
with m being the shear modulus. Considering the displacement field (equation (1)), the shear stress components can be obtained as
Therefore, under these torsion loading conditions, similar to Mode III, one of the three eigenvalues of the stress tensor is zero while the other two have the same absolute value, given by
Restricting the attention to quasi-static conditions and negligible body forces, the equilibrium is achieved when the shear stress components satisfy the following differential equation:
implying that the warping function u(x 1 , x 2 ) is harmonic, r 2 u = 0. Owing to the harmonicity of the warping function, an analytical function G(z) of the complex variable z = x 1 + ix 2 (where i is the imaginary unit) can be introduced as
where c(x 1 , x 2 ) is the conjugate harmonic function (also known as the stress function) of the warping function u(x 1 , x 2 ), connected through the Cauchy-Riemann equations
Considering the Cauchy-Riemann equations (equation (7)), the stress function c(x 1 , x 2 ) can be related to the shear stress components (equation (3)) through
and is governed by
The stress-free boundary condition holding along the void surface S is defined by t j3 n j = 0 (j = 1, 2), where the summation convention is assumed and n j is the component along the x j -axis of the outward normal to the void boundary S. With reference to the stress function c(x 1 , x 2 ), the stress-free condition can be read as
which represents, together with equation (9) , the celebrated Dirichlet boundary value problem for the stress function c(x 1 , x 2 ). Following the technique introduced by Sokolnikoff [39] , the torsion problem of an infinite plane containing a void inclusion is treated by means of conformal mapping. In this technique, the points of the infinite plane (identified by the complex variable z = x 1 + ix 2 ) are mapped onto the region inside a unit disc in the conformal plane (where the position is given by the transformed complex variable z, with z ł 1, Figure 1 (right) ) through the relation
The complex potential G(z) = G(x 1 , x 2 ) can be described within the conformal plane as
to be achieved by imposing the stress-free boundary condition on the unit-disc boundary. After some mathematical manipulation, this condition leads to [39] g(z) = 1 2p
to be solved applying the following property holding for points z inside the unit disc and provided by Cauchy's integral formulae [39] ,
Once the complex potential g(z) is computed through equation (13) , the shear stress and the out-ofplane displacement can finally be evaluated as
with Re½Á being the real part of the relevant argument. In the following analysis, the introduction of a further reference system b x 1 -b x 2 is instrumental. The origin of this system is defined by the centroid of the void, with coordinates x 1 = Ya cos b and x 2 = Ya sin b, where a is the radius of the smallest circle enclosing the void. The system b x 1 -b x 2 is parallel and orthogonal to the principal axes of inertia of the void, so that it is inclined at a counterclockwise angle a with respect to the reference system x 1 -x 2 ( Figure 2, left) , so that the two systems are connected through the following linear relation:
The shear stress components b t 13 and b t 23 referred within the reference system b x 1 -b x 2 can be obtained from the shear stress components t 13 and t 23 (referred within the reference system x 1 -x 2 ) through the following rotation relationship
Stress singularities
When the cross-section of the void is a polygon or a hypocycloid, a shear stress singularity may arise under remote twisting at the tips of cusps of the void, for which asymptotic behaviour can be derived. The asymptotic fields for this problem can be expressed similarly to those of Mode III [40] because the loading conditions differ in the two cases only for the in-plane displacements u 1 and u 2 . More particularly, while the in-plane displacements are null in Mode III, these are non-null in the torsion problem but non-singular (equation (1)). Therefore, the shear stress fields b t j3 (j = 1, 2) expressed within the Cartesian system b x 1 -b x 2 , where the axis b x 1 is the bisector line of the inclusion vertex (Figure 2 ), may be represented by the leading-order term [44] 
where r is the radial distance from the considered inclusion vertex (Figure 1 , centre), q measures the counterclockwise angle from the axis x 1 (with q = a for the points within the elastic material along the bisector line of the inclusion vertex, b x 1 ) and l is a parameter defining the stress singularity order, given by
where j defines the angle 2jp interior to the sharp vertex of the void. The measure of the stress intensity in the case of singular stress fields (useful for detecting possible failure conditions) is provided by the SIF for the case of cracks (j = 0) and the NSIF for the case of isotoxal star-shaped polygonal voids (j 6 ¼ 0), which can be defined as [40] 
Loading decomposition
It is worth remarking that, owing to the linearity of the governing equation (equation (5)), the mechanical fields (equations (1) and (3) Considering such a decomposition, the displacement field (equation (1)) can be expressed as a function of the position b x 1 and b x 2 and in this reference system as
Consequently, the shear stresses are decomposed as
where the superscripts ' and p define the unperturbed and perturbed fields, respectively, which are given by
showing that the unperturbed uniform stress field is only dependent on the radial distance Y and on the angular difference (a À b), and by
The introduced decomposition provides further insight on the full-field solution and the SIFs and NSIFs at varying distances Y and inclinations (a À b) of the inclusion with respect to the x 1 -x 2 reference system. More particularly, from the presented decomposition for mechanical fields, it follows that the intensity factors can be considered as the sum of the intensification due to the 'pure' torsion loading condition (t) and that due to the uniform Mode III (u),
Therefore, an additional result of the present analysis is the independent confirmation of the expression for the intensity factor K (u)
III obtained recently in [41] , when the polynomial remote field of generic order is restricted to the zero-order case (uniform Mode III).
Full-field solution
The full-field solution is presented for an infinite plane containing a single void and subject to torsion. The void, with size defined by the smallest enclosing circle of radius a, is considered with different shapes (the symbol embedded within square brackets is used in superscript to distinguish the respective solution): elliptical void ½0; n-cusped hypocycloidal void ½; n-pointed isotoxal star-shaped polygonal void ½ (which is also useful to investigate the particular cases of: n-pointed regular polygonal void } ½ , n-pointed regular star-shaped polygonal void I ½ , n-pointed star-shaped cracks Ã ½ and the limit case of a crack À ½ ).
Taking the centroid of the void inclusion as the origin of the reference system b x 1 -b x 2 , with the axis b x 1 aligned with the major axis (in the case of an ellipse) or with the bisector line of the inclusion vertex (in all the other cases), from equation (16) the conformal mapping is given by
where the function b v(z) is the conformal mapping of the relevant void shape to the physical variable b z defined in the system b
with b z = b x 1 + ib x 2 . With reference to the conformal mapping (equation (27) ) particularized to a specific void shape, evaluating the contour integral (equation (13)) through Cauchy's integral formula (equation (14)) provides the complex potential g(z)
, showing the only dependence on the void distance parameter Y and the angular difference (a À b).
Void with elliptical cross-section
The conformal mapping for an ellipse with major semi-axis a and minor semi-axis La (with L 2 ½0, 1), respectively parallel to the axes b x 1 and b x 2 , is given by
where the superscript ½0 refers to the elliptical hole problem. By applying Cauchy's integral formula (equation (14)), the complex potential g 0 ½ (z) (equation (13)) follows as
and the shear stress components t 13 and t 23 can therefore be evaluated through equation (15) . To analyse the stress state along the boundary of the elliptical void, the shear stress modulus t (equation (4)) is evaluated along the unit-disc boundary defined by z = e ih (where h is the counterclockwise angle within the conformal plane, so that if h = 0 then z = 1) as
Considering that the ellipse boundary can be parameterized through the radial distance d(x) = d(x)a from the ellipse centre as a function of the (anti-clockwise) polar angle x (with x = 0 for the point b x 1 = a, b x 2 = 0 along the ellipse) and
the relations connecting the angle h within the conformal plane to the angle x within the physical plane can be obtained from the conformal mapping (equation (29)) as
By means of the trigonometrical relations (equation (33)), the modulus of the shear stress (equation (31)) can be rewritten as the following function of the polar physical angle x,
Conversely, the modulus of the unperturbed shear stress along the elliptical void boundary is
which, considering equation (32), defining the radial distance parameter d(x), reduces to
n-cusped hypocycloidal void
The conformal mapping for a n-cusped hypocycloidal void, inscribed in a circle of radius a and having a cusp at the coordinates b x 1 = a and b x 2 = 0, is provided by
where (the superscript ½ denotes the reference to the hypocycloidal void problem and) O ½ is a scaling factor depending on the number n of cusps,
The complex potential for the torsion problem is computed in this case as
Using the complex potential (equation (39)) and the derivative of the conformal mapping (equation (37)), the stress components b t ½ 13 and b t ½ 23 in the transformed plane can be obtained from equation (15) 
highlighting the uncoupling in the stress field between the two 'simple' remote loading conditions (t) and (u), as expected from the superposition principle, owing to the problem linearity according to Section 2.2. The asymptotic representation is now derived for the stress field around the neighbourhood of the cusp at b x 1 = a and b x 2 = 0. According to Section 2.1, with reference to the radial distance r from the inclusion cusp and to the counterclockwise angle q from the x 1 axis, the complex vectors Dz and Dz can be introduced as
which are connected to each other through the conformal mapping
Considering an infinitesimal radial distance r (so that jDzj ! 0 and jDzj ! 0), the inverse relation for the conformal mapping (equation (37)) can be asymptotically obtained around the unit value for the complex variable z as
which when inserted in the stress field (equation (40)) leads to the following (square root singular) asymptotic expression:
Recalling the SIF definition, equation (20), the closed-form expression for K ½ III can be obtained from the asymptotic fields (equation (44))
The asymptotic behaviour (equation (44)) can be extended to describe the response around the generic kth cusp (with k = 1, . . . , n) by substituting the angle a with the angle a k , defined as
from which the SIF K ½ III (k) ruling the singularity raised at the kth cusp (with k = 1, . . . , n) of the hypocycloidal void follows as
Isotoxal star-shaped polygonal void
The conformal mapping from the unit disc onto the plane containing a polygonal inclusion is provided by the Schwarz-Christoffel formula. In the case of n-pointed (non-intersecting) isotoxal star-shaped polygonal voids (having a semi-angle at the isotoxal-points of jp, with j 2 ½0, (n À 2)=2n), the confor-
where (the superscript ½ refers to the isotoxal void problem,) a is the radius of the circle inscribing the void and O ½ is a real parameter depending on the shape of the void as follows:
with the symbol G( Á ) standing for the Euler gamma function defined via the following convergent improper integral
Recalling that e Ài2jp=n and e Ài(2jÀ1)p=n are, respectively, the nth root of positive and negative unity, the properties
can be used to simplify the conformal mapping (equation (48)) as
an equation that can be reduced by introducing the Appell hypergeometric function F 1 ,
By definition, the Appell hypergeometric function F 1 can be expressed by a series, so that the conformal mapping b v ½ (z) is equivalently given by the following Laurent series
where the real constants d ½ j (j, n) are dependent on the angle ratio j and the point number n and are defined as
and satisfy the following property:
To compute the complex potential g ½ (z), it is fundamental to evaluate first the quantity v ½ (s)v½(s) which, considering the Laurent series for the conformal mapping (equation (54)), is given by
and the substitution of this quantity in equation (13) provides, after mathematical manipulation, the complex potential
The shear stress field in the conformal plane is given by 
Integrating the expansion around the unit value of the transformed variable, z = 1 + Dz, of the first derivative of the conformal mapping (equation (52)), the expansion of the conformal mapping can be obtained as
and the comparison with equation (43) provides the following asymptotic relation between the physical coordinate Dz and its conformal counterpart Dz
Using the asymptotic inverse relation (equation (61)) in the stress field (equation (59)) and the property shown in (equation (56)) provides the following leading-order term for the shear stress
Recalling the definition of equation (20), the NSIF at the kth point of the isotoxal polygonal void results in
The stress intensification (equation (63)) can be particularized to the special cases of n-sided regular polygonal voids (j = 1=2 À 1=n), n-pointed regular star polygonal voids j = 1=2 À 2=n ð Þand n-pointed star-shaped cracks (j = 0).
3.3.1 n-sided regular polygonal void. Assuming the semi-angle ratio as j = 1=2 À 1=n, the isotoxal inclusion reduces to an n-sided regular polygonal void and the scale factor O ½ (equation (49)) simplifies as
while the real constants d
where the superscript } ½ denotes the reference to the n-sided regular polygonal void problem. For this void shape, the NSIF (equation (63)) reduces to the following expression:
3.3.2 n-pointed regular star polygonal void. The isotoxal inclusion reduces to an n-pointed regular star polygonal void (with value 2 of starriness and n ø 5 [40] ), taking the semi-angle ratio as j = 1=2 À 2=n. Under this geometric restriction, the scale factor O ½ (equation (49)) becomes
and the real constants d ½ j (equation (53)) become
where the superscript I ½ denotes the reference to the n-pointed star polygonal void problem. In this case, the NSIF (equation (63)) also simplifies as
3.3.3 n-pointed star-shaped crack. In the case of an n-pointed star-shaped crack (j = 0), the integral in the Schwarz-Christoffel formula (equation (52)) can be analytically evaluated, so that the conformal mapping reduces to the following simple expression
where
and the superscript Ã ½ denotes the reference to the star-shaped crack problem. The shear stress field can be evaluated from equation (15) as a function of the transformed complex variable z, as 
À e i(aÀb) 
Expanding the conformal mapping (equation (70)) around the tip of the isotoxal star-shaped crack (equation (42)) provides the inverse relation between the infinitesimal complex quantities Dz and Dz = re iq as
which when used in the shear stress field (equation (72)) provides the following asymptotic expression
obtained by exploiting the property expressed by equation (56). The closed-form expression for the SIF K Ã ½ III (k) related to the kth point(k = 1, . . . , n) of an n-pointed isotoxal star-shaped crack can be evaluated considering equation (20) and the asymptotic fields (equation (74)) as
which, after mathematical manipulation, can be rewritten as the following series
which turns out to be more rapidly convergent than equation (75). In equation (76), the symbol 2 F 1 stands for the hypergeometric function defined for jzj\1 by the power series
where x ð Þ j gives the Pochhammer symbol (rising factorial), given as
With reference to the 'pure' torsion condition, Y = 0, the SIF K
Ã ½ (t)
III for an n-pointed star-shaped crack (equation (76)) is reported in Figure 3 at varying values of n and compared with the corresponding quantity K
½(t)
III for an n-cusped hypocycloidal void (equation (47)). It is observed that the SIF in the former case is always greater than that in the latter, except for n = 2, where the two corresponding values coincide because both inclusion shapes reduce to the standard' crack geometry.
The 'standard' crack. The solution in the case of a 'standard' crack (n = 2), denoted by the symbol À ½ , is reported as a specialization of the solution for n-pointed star-shaped cracks. In this case, the conformal mapping v(z) (equations (70) and (27) ) reduces to the simple expression
of which the inverse is explicitly given by
The complex potential in the conformal plane can be obtained by specializing the solution for the elliptical void (in the limit of null L), or that for the n-pointed star-shaped inclusion (taking n = 2), as
which, through the inverse relation (equation (80)), can also be explicitly expressed in the physical plane as
After derivation of the complex potential, the stress fields can be expressed in the b x 1 -b x 2 system through the following formula:
which expanded at the tip with coordinate b x 1 = a and b x 2 = 0, so that, for b z = a + re i(qÀa) with small radial distance r, it provides the asymptotic expression of the shear stress field
and the SIF for the kth tip (k = 1, 2) is given by
It should be noted that the SIF given by equation (85) in the particular case of Y = 0 coincides with that obtained by Sih [25] for a crack centred in an elliptical bar in the limit case of infinite crosssection (except for the multiplication with ffiffiffi ffi p p because of the slightly different definition of SIF used therein). . Right: ratio of the values corresponding to pairs of shapes with identical values of n. The comparison shows that the SIF for the star-shaped cracks is never smaller than that for the hypocycloidal void for the same value of n.
Discussion of the analytical results
The non-singular (elliptical void) and singular (hypocycloidal and isotoxal voids) stress fields presented in the previous section are analysed with the aim of disclosing the role of the void location on the stress intensification and the possibility of stress reduction.
Stress concentration and stress annihilation along the elliptical void boundary
The stress amplification due to the presence of the elliptical void can be evaluated through the SCF. This parameter is defined as the ratio of the modulus of the shear stress in the presence of the void t (equation (34) ) to that in the case of the absence of the void (unperturbed field) t ' (equation (36)),
Because of the inherent positiveness of the shear stress modulus (equation (4)), the SCF is a non-negative parameter showing the increase (or reduction) of the stress state along the inclusion boundary by the presence of the void when the SCF is greater (or smaller) than one. A null value for the stress concentration (SCF = 0) may be verified for some angular coordinate e x when stress annihilation occurs at this point, t(e x) = 0. The existence of such an angle is affected by the parameters Y, L and (a À b) and its value provided by the following condition:
By varying the parameters L, Y and (a À b), stress annihilation (SCF = 0) is numerically found to possibly occur at (i) four points, (ii) two points or (iii) no point along the ellipse boundary. Restricting the attention to the case of ellipse centre coincident with the origin of the x 1 -x 2 system (Y = 0), equation (86) reduces to
showing the independence of the angular difference a À b and that stress annihilation (SCF = 0) occurs along the void boundary (i) at four points when L 2 ½0, ffiffi ffi disclosing the number of stress annihilation points, which is respectively four, two and zero. In the other case, Y = 0:5 (Figure 4, right) , the SCF is displayed for L = 0:75 for three values of the angle difference (a À b) = 1=4, 3=4, 1 f g p, showing the presence of stress annihilation at two points for the two lowest values and at no point for the highest value of the analysed angle differences.
Stress singularity and its removal at isotoxal tips and hypocycloid cusps
Stress singularities around cusps and points of sparsely distributed hypocycloidal and isotoxal voids are theoretically predicted from the full-field solutions obtained in the previous section. The strong stress intensification at the void tips is evident from Figure 5 , where the shear stress modulus (normalized through division by mYa) is displayed for different void geometries (shape and number n) and locations. In particular, assuming b = 0, three-pointed star-shaped cracks, squares and five-pointed regular starshaped polygons are reported in the first, second and third line of the figure, respectively, where the case of a void centroid coincident with the torsion axis (Y = 0) is considered in the left column and cases with Y = 0:35 for a = 0 and a = p=4 are shown in the central and right columns, respectively.
From Figure 5 it can be noted that, while polar symmetric stress distributions are displayed in the former case (Y = 0) because of the polar symmetry in both geometry and loading, the cases with Y 6 ¼ 0 display different intensities in the singularities at the different tips. To better elucidate this point, it is fundamental to analyse the expressions of the SIF and the NSIF evaluated for hypocycloidal voids (equation (47)) and for isotoxal star-shaped polygonal voids (equation (63)) (including the reduced cases of n-sided regular polygonal void (equation (66)), n-pointed regular star-shaped polygonal void (equation (69)) and n-pointed star-shaped cracks (equation (76)). For all these cases, the SIF or NSIF at the kth cusp or tip can be represented by the following general expression:
highlighting the superposition of the 'pure' torsion (with axis of torsion corresponding to the centroid axis) and the uniform Mode III (Figure 2 ), so that
The introduced parameters A Á ½ (n) and C Á ½ (n) are positive quantities depending on the void shape and on the number n of vertices or cusps. A Á ½ (n) is non-dimensionless and given by
ffiffi ffi a n
while C Á ½ (n) is dimensionless and given by
Values of the parameter C Á ½ (n) assessed for n-sided regular polygonal voids, n-pointed regular star polygonal voids and n-pointed star-shaped cracks are reported in Table 1 for values of n up to ten. 2 The general expression (equation (89)) mathematically shows that only when the radial distance is null (Y = 0, value providing the mentioned polar symmetric condition) the singularity at each cusp or point of the void has the same intensity, Table 1 . Values of C Á ½ (n) assessed for different void shapes and numbers of tips n, fundamental to tailoring the radial distance parameter Y to achieve stress singularity removal at some cusps, as defined by equation (95).
n n -sided n-pointed n-pointed regular polygon } ½ regular star polygon I ½ star-shaped crack Ã ½ and conversely, the obtained expressions for K (90)) independently confirm the SIF evaluated by Dal Corso et al. [41] when the polynomial loading condition is restricted to the uniform Mode III. Equation (89) also discloses that the stress singularity at each cusp or point of the void is characterized by a different intensity in the presence of a non-null radial distance (Y 6 ¼ 0). In this case, the void position and inclination can be tailored through the parameters of radial distance ratio Y and angular difference a À b towards the singularity decrease, or even, removal at some cusp or point of the void, namely, K III (k) = 0 for specific values of k. Three cases can therefore be distinguished: 3 Case Y\C Á ½ (n)=2. All the cusps or points are characterized by a SIF varying in magnitude but not sign. No removal of singularity is possible. Case Y = C Á ½ (n)=2. Singularity disappears at the cusp or point k=1, for the special value of angular difference
By contrast, if a À b 6 ¼ (2j + 1)p (with j 2 Z), the SIFs or NSIFs at all the cusps or points have the same sign.
. In this case, the cusps or points can be collected into two sets depending on the sign of their SIF or NSIF. Singularity removal may occur at one cusp or point or at two cusps or points.
-Singularity is removed at the two cusps or points corresponding to k = 1 and k = 1 + m, when both the following conditions hold:
where the symbol Á b c provides the integer part of the relevant argument. -By contrast, if a À b 6 ¼ p½1 + 2j À m=n, the singularity disappears only at the cusp or point corresponding to k = 1 for the following angular difference:
-Otherwise, no singularity removal occurs at any cusp or point.
Note that equation (95) provides a number (n À 1)=2 b cof independent conditions for which different pairs of vertices (k = 1 and k = 1 + m) display simultaneous singularity removal. Such independent conditions have been obtained by restricting the parameter m to the set ½1, (n À 1)=2 b c , because values of m within the set ½ (n À 1)=2 b c+ 1, n provide singularity removal conditions for a negative distance parameter Y and merely correspond to a reflection of the configurations associated with the independent conditions. Examples of singularity removal at one and two cusps or points are reported in Figures 6 and 7 . More specifically, a radial normalized distance Y = 0:5 (and angles a = p and b = 0) is considered in Figure 6 to achieve stress singularity removal at one tip of a standard' crack and at one cusp of a four-and a fivecusped hypocycloidal inclusion. The three void shapes share the same centroid position for achieving the singularity removal, where the dimensionless parameter is the same for the standard' crack and for any n-cusped hypocycloidal shaped inclusion, C ½ (n) = C À ½ = 1. In Figure 7 , singularity removal is attained at one point (first line) and two points (second line) for the same inclusion shape, a three-pointed crack (left column), a square (central column) and a five-pointed star (right column). This feature is observed for the specific values of Y and a listed in the figure (keeping b = 0) .
It is worth remarking that, for the point where stress singularity removal occurs, the leading-order term in the stress asymptotic representation becomes a positive power of the vanishing radial distance from the point of an isotoxal star-shaped polygon, while it becomes a constant (called T-stress under in-plane conditions) for a hypocycloidal void and for a star-shaped crack. Therefore, as observed by Dal Corso et al. [40] , the singularity removal at the point of an isotoxal star-shaped polygon void also implies stress annihilation, while singularity removal at a cusp or at a tip does not necessarily imply a null stress state (because of the constant stress term in the related asymptotic expansion). Nevertheless, a null stress state is also numerically verified in this latter case (while such an analytical proof seems awkward).
Finally, although the theoretical sets of the distance Y and angular difference a À b leading to singularity removal expressed by equation (95) have been disclosed in the limit case of an infinite elastic matrix, the obtained results are also very indicative in practical cases where cross-sections are defined by finite regions, as shown numerically in the next section.
Accuracy assessment of the analytical expressions in finite-domain applications
Finite-element simulations are performed with the aim of accuracy assessment in using the presented theoretical predictions (derived for a single void in an infinite medium in Section 3.1) for practical realizations, where the cross-section has finite dimensions. Within a planar setting, the numerical results are obtained for the case of a doubly connected uniform cross-section, where the influence of crosssection shape and size is evaluated. The stress function c for a doubly connected domain with an external boundary B 0 (defining the external shape of the cross-section) and an internal boundary B 1 (defining the void geometry) is given by [38] c(
∂n ds
where the functions c 0 and c 1 , in addition to the Laplacian equation (r 2 c 0 = r 2 c 1 = 0), are subject to the following boundary conditions:
where L is any (closed) contour between boundary B 0 and B 1 and the directional derivative of the function c along the outward normal vector n = n 1 , n 2 f g, orthogonal to the contour L, can be expressed as
By restricting, for simplicity, to null angle values, a = b = 0, this formulation for the torsion problem is numerically solved through the 'Equation-based modelling' feature of the 'Mathematics' module in Comsol Multiphysics Ó version 5.3. The stress analysis is performed under stationary conditions in the presence of an elliptical void, a star-shaped crack or a hypocycloidal hole (enclosed by the smallest circle of radius a) in an elastic matrix with different shapes and sizes, the latter defined through the length D. The whole domain is meshed using the user-controlled mesh option with custom free triangular element sizes at two levels. At the first level, the domain is meshed with a maximum element size of 0:01D; at the second level, a refined mesh is used for the void boundary, with a maximum element size of 0:0025D. Accuracy in the evaluation of intensification factors is checked through the convergence of the relevant quantities, which is considered reached when a difference less than 0.1% is evaluated between two successive automatic refinements of the mesh.
Elliptical voids
Two types of comparison are reported at varying ellipse geometries and external boundary sizes and shapes, with the ellipse centroid coincident to the torsion axis (Y = 0).
The first comparison is of the shear stress modulus t(x) along the boundary of an elliptical void with L = 0:3 in a finite domain with size D=(2a) = 1:5 ( Figure 8 ). The prediction from the presented full-field solution of the presence of four stress annihilation points is confirmed by the finite-element simulations in both the cases of circular and square domains. In particular, despite the small size of the considered finite domains, only a small change is observed in the value of the polar angle e x where a null stress is attained, t(e x) = 0.
The second comparison is displayed in Figure 9 and is based on the SCF attained at the ellipse major axis, which is theoretically given, by reducing equation (88) with the parameter x = 0, as
The (Figure 9 , top right), corresponding to the special geometry of an annular cross-section, the full-field solution for the infinite domain coincides with that for the finite domain so that Err(SCF) is null under this condition (and not displayed because it lies outside the plot range). From the right column of Figure 9 , it can be observed that Err(SCF) increases with decreasing values of D; however the error obtained using the analytical expression (100) is less than 2% for circular domains with D=(2a) ø 2 and less than 3% for square domains with D=(2a) ø 5.
5.2. Star-shaped cracks and hypocycloidal holes 5.2.1 J-integral extension to the torsion problem. The J-integral [45] is a conservative quantity thoroughly exploited over the years in crack problems under in-plane and out-of-plane conditions with the aim of evaluating the SIF for specific boundary value problems. However, for the problem under consideration, the classical definition of the J-integral cannot be applied because torsion loading conditions realize neither 'pure' in-plane nor 'pure' out-of-plane states. Towards the definition of a conservative integral for the considered problem, reference is made to the conservative integral for three-dimensional linear elastic solids introduced by Knowles and Sternberg [46] (their equation 3.16), which, taking into account the vanishing kinematic and stress quantities in the torsion problem, reduces to
In equation (101), L is any counterclockwise contour enclosing the crack tip lying along the b x 1 axis, s is the curvilinear coordinate along the contour L, S is the region enclosed by the contour L and b n 1 and b n 2 denote the Cartesian components of the outward unit normal to the contour L along the b x 1 and b x 2 directions. Therefore, it can be noted that the conservative integral for the torsion problem differs from that for Mode III loading conditions, J torsion 6 ¼ J III . More precisely, a surface integral is presented in equation D=(2a) = 1:25, 1:5, 2, 3, 4, 5 f g . This quantity, normalized through division by the corresponding analytical value for the infinite matrix, K
, is reported in Figure 10 (left) and used to assess the error Err(K
III, FE , which is reported in Figure 10 (right) in logarithmic scale. Like the case of the elliptical void, the value of Err(K (t) III ) increases with decreasing D and the error in using the analytical expression (equation (100)) is less than 1% for circular domains with D=(2a) ø 2 and less than 3% for square domains with D=(2a) ø 4. The different ranges for the size in the two cases are due to the additional warping originated by the external boundary, which is much more present for non-smooth external boundaries than for smooth ones.
n-pointed star-shaped crack with centroid coincident to the torsion axis, Y = 0. The SIF K (t) III, FE (normalized through division by ffiffiffi ffi p p mYa 3=2 ) is evaluated at varying numbers of points n for a star-shaped crack in an elastic matrix with different sizes and boundaries: circular ( Figure 11 , top left) and square with sides parallel and orthogonal to one of the crack lines ( Figure 11 , bottom left). As with the previous case, the error in using the analytical expression for K 
III, FE (reported in logarithmic scale). It can be observed that at varying void geometries, as in the previous case, the error remains less than 1% for circular domains with D=(2a) ø 2 and less than 3% for square domains with D=(2a) ø 4.
Standard crack at varying centroid position, Y 6 ¼ 0. The SIFs at the two tips of a 'standard' crack, numerically evaluated from the finite-element simulations as K III, FE (k = 1) and K III, FE (k = 2), are compared with the corresponding values from the analytical expression (equation (85)) at varying dimensionless radial distance Y in the case of circular and square elastic matrixes in the left and right of panels of Figure 12 , respectively. By focusing on the singularity removal feature, theoretically predicted in the case of infinite matrix for a dimensionless radial distance Y = 0:5 ( Figure 6, left) , it can be noted that a strong reduction (about a factor of 215 with respect to the symmetric case Y = 0) in the modulus of K III, FE (k = 2) is attained for specific values of Y, slightly smaller than the theoretically predicted value Y = 1=2 for the infinite plane. Moreover, convergence of the numerical values K III, FE (k) to the values K III (k) obtained for the infinite domain is also observed at increasing elastic matrix size.
The reliability of the SIFs at the two tips of a 'standard' crack within an infinite matrix (equation (85)) can also be assessed in Table 2 through the comparison with the values reported in Hassani and Faal [24] for circular cross-sections containing multiple cracks, obtained by numerically solving an integral equation. In particular, the numerical values of K III (k)=( ffiffiffi ffi p p mYa Table 1 of Hassani and Faal [24] . Moreover, the four values of SIFs at the two crack tips for the two cases Y = 0:75 and Y = 1:5 are also reported as empty circles in Figure 12 . For this geometry, it is Comparison between analytical and numerical evaluations of the SIF at the two tips of a 'standard' crack in an elastic domain at varying distance parameters Y. Numerical evaluation is performed for different shapes and sizes of the elastic matrix. A strong reduction (about 215 times) in the modulus of K III, FE (k = 2) is observed for specific values of the distance parameter Y ' 0:5 as the practical realization of the stress singularity removal theoretically predicted from the presented full-field solution, as shown in Figure 6 (left). The four empty circles shown in the left part for the two crack tips (k = 1 and k = 2) are referred to the corresponding values in Table 2 , evaluated by Hassani and Faal [24] for circular cross-sections with D=(2a) = 10Y=3, in the cases Y = 0:75 (so that D=(2a) = 2:5) and Y = 1:5 (so that D=(2a) = 5). 
Conclusions
The full-field solution has been obtained for the torsion problem of an infinite cross-section containing a void with the shape of an ellipse, a hypocycloid or an isotoxal star-shaped polygon. The achieved solution has allowed for the analytical evaluation of the factors (SCF, SIF and NSIF) ruling the intensification of the shear stress in the presence of the void. Special locations of the void have been identified for which the stress field displays peculiar features, such as stress annihilation at some points along the elliptical void boundary and stress singularity removal at the cusps or points of the hypocycloidal or isotoxal star-shaped polygonal void. Towards the aim of applying the model to the mechanical design of finitedomain realizations, the reliability of the derived analytical expressions is assessed through comparison with the numerical results obtained for specific geometries, showing the shape and size properties of the cross-section, for which the closed-form expressions provide highly accurate predictions. 
